Introduction. It has been proved by E. Hopf [3] , over thirty years ago, that solutions of second order elliptic equations satisfy the maximum principle. A similar principle, well known for solutions of the heat equation, has been, relatively recently, extended to second order parabolic equations by Nirenberg [5] . In various problems, such as in solving the Dirichlet problem by the methods of Poincare and Perron, subsolutions have been introduced and the maximum principle has been extended to such functions. In the elliptic case (see [6]) the subsolutions used are continuous, whereas in the parabolic case, they may have certain discontinuities (see [2] ). In the elliptic case, they are called L-subharmonic or subelliptΐc functions. Likewise, in the parabolic case, we call them L-subcaloric or subparabolic functions; L is the elliptic or the parabolic operator.
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L*U = Σ b tJ (x, t)-J^~ + Σ Ux, t)%L + b(x, t)u + &L
where L* is the adjoint of L (thus, b υ = a υ , etc.). Throughout this paper it will always be assumed that:
are Holder continuous (exponent α) in (#, ί) which varies in a bounded domain D, and that in D(Λ > 0) for any real vector ξ. DEFINITION. A bounded measurable function u (x, t) in D is called weakly L-subcaloric (or simply, weakly subparabolic when there is no confusion about the L) if for any compact subdomain E of D with piecewise smooth boundary (so that Green's formula holds) (1) [ [ u(x, t)L*v(x, t) We note that, for the establishment of the maximum principle below, it is enough that (1) holds only for some special types of domains, namely f for cylindrical domains and for certain sections of paraboloids.
DEFINITIONS. For any point P (x°, t°) in D, we denote by C(P) the set of all points {x 1 , t 1 ) in D such that there exists a differentiate curve connecting (x°, t°) to (x 1 , t 1 ) and along which the ^-coordinate is non-increasing. A function u(x, t) is said to be continuous from below at a point P -(χ°f t°) if u, as a function in C(P), is continuous at P in the usual sense. By a neighborhood-from-below of a point P we mean the intersection of a neighborhood of P with C(P).
Our purpose is to prove the following theorem.
THEOREM. Let u be a weakly L-subcaloric in D. If u assumes its essential supremum M (in D)
at a point P = (x°, t°) at which u is continuous from below, and if M Ξ> 0, then u = M almost everywhere in C(P).
As in [4] , the proof follows immediately once we have established the following lemmas. <\t-τ\(ε>0, δ>0) and a function w(x, t) = w y>τ (x, t) having the following properties:
2 wldx ί dx j , dwjdt are continuous in Ω -{{y, τ)} and vanish on the boundary ΘΩ -{(y, τ)}.
(c) L*w > 0 in Ω. Furthermore, ε may be any number between 0 and 1 and δ may be taken to be dependent only on L, ε and £7, but not on the particular point Q = (y,τ).
Finally, as ε -> 0, the radius of the base (or δ/ε) can be taken to be bounded away from zero.
Once w has been constructed, a simple argument of [4] can easily be extended to complete the proof of the lemma. For the sake of completeness we reproduce it here.
Let S be the set of points (x, t) in C(P) having the property that u -M almost everywhere in an open-from-below set containing (x, t) . By assumption S is nonempty. Clearly S is open from below. If we show that S is also closed, then S coincides with C(P). To prove it, we take any sequence Q m -> R, Q m in S, R in Z), and use the above construction with E = {R, Q ly Q 2 , •}. If we show that u = M almost everywhere in each domain Ω % corresponding to Q ίf then it would follow that R also belongs to S. (Note that in the construction of the Ω below, the radius of the base of Ω can be made bounded away from zero as ε->0.)
For simplicity we denote Ω t by Ω and the corresponding w t by w. We now modify the definition of w(x, t) in the intersection of Ω with a neighborhood-from-below N of Q t where u = M almost everywhere. The modified function is denoted by W, and is taken to satisfy the conditions imposed on the function v in the definition of subcaloricity (in § 1) with E replaced by Ω. Denote A = NΓ\Ω,B=Ω -A. Using the definition of weakly L-subcaloric functions, we get
On the other hand, by (2),
Using (3) we obtain
To complete the proof of Lemma 2 we have to construct a function w which the required properties (a) -(c). For simplicity we shall do it in the special case is τ = 0, y -0; the general case is immediately obtained by translation.
DEFINITION OF W:
where & is a positive integer to be determined later. Clearly, w satisfies (a), (b). It remains to prove that L*w > 0 in Ω. We have
Δ
We now form L*w, and restrict 8 to be sufficiently small and restrict |x \ to be sufficiently small (depending only on L*), say \x\<^ρ. Then, the contribution to L*w made by the terms of Ibflw/dXi + bw is small compared with the corresponding last two terms in dwjdt. Also, the negative contribution in Σb i β 2 w\dx i dx 5 corresponding to the fourth term in d 2 wldxβx ό (calculated above) can be neglected as compared to the third term in dwjdt (provided k is sufficiently large, depending on b tJ ).
Discarding (as we may) the positive contribution corresponding to the first and the last terms in d 2 w\dx i dx 5 , we conclude that in order to prove that L*w > 0, it is sufficient to prove that ( 5 ) keC + W\-t -εr 2 )4 ^ λ > 0 2 rγΛ where λ is a constant depending only on L and p (| x | ^ p in Ω).
To prove (5) Hence (5) is a consequence of
which is clearly true if
3. Properties of fundamental solutions. Assume that the closure of a cylinder C :\x\ 2 < β, -8 <t < 0 with base B is contained in D. By our assumptions on L, there exists (by Pogorzelski [7] ) in C a fundamental solution Γ(x, t; ξ, τ)(t < τ) of L* with pole (ξ, τ); L*Γ = 0 as a function of (cc, t), and Γ can be constructed as follows:
Let (Bij) be the matrix inverse to (6 O ) and define
Z(x, t;ξ,τ) = (τ-t)^' 2 exp {-Γ(x, t; ξ, τ) -Z(x, t; ξ, τ) + [\ Z(x, x; η, s)Φ(η, s; ξ, τ)dηds JtjB
where Φ is the solution of the integral equation In the following we shall be interested in the special case (ξ 9 τ) -0. We define g(x 9 1) = Γ(x, t; 0, 0)
L* {x , t) Z(x, t; ξ, τ) -p(χ, t)Φ(x, t; ξ, τ)
σ(x 9 1) = σ(x 9 1; 0, 0)
Z(x, t) = Z(x 9 1; 0, 0) .
By simple calculation we get
where o(l) -> 0 as t -* 0. Hence, in particular, g{x, t) > 0 if the height δ of C is sufficiently small, as we shall assume. We also mention, although this is not used later on, that for any bounded measurable function φ{x 9 1) in C, which is continuous at (0, 0) we have (see [8] ) (7 ) limί g(x 9 t)φ(x 9 t)dx = ρ(0, 0)^(0, 0) .
We conclude this section with estimating the following expression (which will appear in the next section) provided | a? | is sufficiently small. To evaluate I -I lf we use the definitions of g and Γ, and proceed to estimate the a^-derivatives of the integral which appears in the definition of Γ. Noting that
S const, (s -t)-ll2 Z(x, t; η 9 s)
and using the estimate of [7] for Φ and Dressel [1; Lemma 2\ we find, that 11 -ii I ^ λo I α \>Z(x, t) (λ 0 > 0, 0 < γ ^ 1) , where λ 0 , 7 depend only on L. In what follows we shall only need the weaker inequality
4 Proof of Lemma 1 Φ We may assume, without loss of generality, that the essential supremum M is assumed at the origin. Following the procedure of Littman [4] , we claim that it is enough to construct a function G(x f t) in a cylinder C: \ x | 2 < β f -S < ί < 0, with base B, which satisfies the following conditions:
(a) G, dGjdx i9 d 2 GldXidx jf dG/dt are continuous in C -{(0, 0)} and vanish on the boundary dC -{(0, 0)}.
is L-subcaloric in a domain which contains C, and if / is continuous from below at the origin and /(0, 0) = 0, then
Once G is constructed, the proof of Lemma 1 follows very easily. Indeed, u -M is L-subcaloric, and using (c) we get
Since, by (b), L*G > 0, we conclude that u -M almost everywhere in C.
DEFINITION OF G(X 7 t):
(12) G(x 9 1) = (t + SY(β -r 2 Yg(x, t) where g{x, t) is defined in § 3. Clearly (a) is satisfied. We proceed to establish (b), (c).
Proof of (b)
. (8), (10), (6) to estimate the fourth term, we conclude that, if it is negative, then its absolute value is smaller than that of the second term. Hence, if we prove that
for sufficiently large μ depending only on L (provided β is smaller than an appropriate constant), then L*G > 0.
To prove (13) we note that if μ(β -r 2 ) < r 2 then (13) clearly holds. Hence it remains to consider the case where
However, in this case for sufficiently small δ (i.e., if (μ + lfμδ < β), from which (13) follows.
Proof of (c). We modify G as follows: Let
Clearly σ e (x, t) has second continuous ^-derivatives and a first continuous ^-derivative in C. We next define
G z is differentiable also at the origin where it vanishes. We now proceed to prove (c).
By the definition of L-subcaloricity (see (1)) we have, 
where C s = C f] {-e < t < 0}, then (c) follows from (14) .
In what follows we denote any positive constant (independent of ε) by the same symbol A. To prove (15) we write
where rj is any positive number smaller than β. Since / is continuous from below at (0, 0) and /(0, 0) = 0, the first integral on the right side of (17) tends to zero as 57 -> 0, independently of ε.
Here we have made use of (see [7] ) (18) I L*G(#, t) I exp for some 0 < v < 1 .
The second integral on the right side of (17), for any fixed η, also tends to zero as follows by using (18).
Proof of (16). Proceeding similarly to the proof of (15), we find that all that remains to be proved is that (19) [ [ I L*G ε I dxdt ^ A < 00 for all ε > 0 (A is independent of ε). Now, 
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We have thus proved that J = J x + J 2 ^ A, which completes the proof of (19). Hence, the proof of (16) is completed.
REMARK. The maximum principle for subelliptic functions [4] follows from the maximum principle for subparabolic functions proved in this paper. Indeed, as is easily seen, a weak subelliptic function is necessarily a weak subparabolic function.
